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Abstrat
We propose the new quantization of homogenous osmologial mod-
els. Four fundamental methods are applied to the osmologial model
and eiently jointed. The Dira method for onstrained systems is
used, then the Fok spae is built and the seond quantization is ar-
ried out. Finally, the diagonalization ansatz, whih is a ombination of
the Bogoliubov transformation method and the Heisenberg equation
of motion, is formulated. The temperature of quantum osmologial
model is introdued.
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1 Introdution
As very well known, the quantum formulation of the general relativity theory
yields many problems. Admittedly exist a lot of attempts of developing the
quantum theory of gravitational eld and, hene, the quantum osmology,
but still we have no a good, in mathematial and physial senses, a quantum
theory (see e.g. [1℄ for review of quantum osmology)
The most famous approahes to quantum osmology, as e.g. anonial
quantization, loop quantization, or path integral quantization, in fat are
based on too straightforward appliations of quantum mehanis. As a re-
sult, all above approahes yield the mathematial problems and the physial
aspets still are not lear. For example, in the WheelerDeWitt equation
based on the Hamiltonian onstraint following from 3 + 1 spae-time split-
ting, the funtional dierential evolution is presented, what does not allow
to solve the generi problem in priniple. Similar problems take plae man-
ifestly in the funtional integrals formulations, where the oneption of the
wave funtion of the Universe did not get a lear physial interpretation.
From the other side loop quantum osmology results in self-inonsisteny
with experimental data.
In this paper we oer a new approah to the problem of formulating the
quantum osmology. We begin with the homogeneous osmologial model
and develop a quantization proedures allowing to avoid some of the existing
problems by leaving quantum mehanis approah for quantum eld theory
one, at least for the simple model. We propose an eetive ombination of
four elementary rules of quantization and as a result we obtain well-dened,
in quantum-eld-theoretial sense, the new model of quantum osmology.
The paper is organized as following. In Setion 2 we onsider the basi el-
ements of the homogenous osmologial model, whih will be used in the next
Setions. Setion 3 is devoted to presentation of the quantization method,
that mixes non trivially the Dira primary quantization of onstrained sys-
tems and the Fok seond quantization with the Bogoliubov diagonalization
method. In the Setion 4 we disuss the possibly simplest model for thermo-
dynami interpretation of quantum osmology, that leads to the onept of
temperature assoiated with the quantum osmologial model. In the Setion
4 a brief summary of the results is done.
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2 Cosmologial Model
Dynamis of any spae-time in general relativity is dened by the ation
depending on metri tensor and matter elds
A =
∫
d4x
√−g
(
− 1
2κ
R+ LF ields
)
, (1)
where g = det gµν , gµν is the metri tensor, κ = 8piG, G is the Newton
gravitational onstant, LF ields is a Lagrangian density of the matter elds,
R = gµνRµν is the Rii urvature salar and
Rµν = ∂αΓ
α
µν − ∂νΓαµα + ΓαβαΓβµν − ΓαβνΓβµα, (2)
Γρµν =
1
2
gρσ (∂νgµσ + ∂µgσν − ∂σgµν) , (3)
are the Rii urvature tensor and the Christoel ane onnetions respe-
tively. The gravitational equations of motion following from this ation have
the form
Rµν − 1
2
Rgµν = κTµν , (4)
where
Tµν =
2√−g
δAF ields
δgµν
, AF ields ≡
∫
d4x
√−gLF ields (5)
is the energy-momentum tensor of the matter elds [2, 3℄. Here AF ields is the
matter elds ation.
Let us onsider the homogenous and isotropi osmologial model with
metri [3℄:
gµν =
[
N2d (t) 0
0 −a2(t)δij
]
, (6)
where Nd is the Dira lapse funtion, and a is the Friedmann osmologial
sale fator. Non-vanishing Christoel symbols (3) for the metri tensor (6)
are:
Γ000 =
N˙d
Nd
, Γ0ii =
aa˙
N2d
, Γii0 =
a˙
a
, (7)
where i = 1, 2, 3 is spae-like index. By diret using of (7) one obtains the
Rii tensor (2) in the form:
Rµν =

 −3
(
a¨
a
− a˙N˙d
aNd
)
0
T
0
(
aa¨
N2
d
− 2 a˙2
N2
d
− aa˙N˙d
N3
d
)
δij

 , (8)
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where 0 is a null vetor. In this manner one establishes the urvature salar
as
R = −6
(
a¨
aN2d
− a˙
2
a2N2d
− a˙N˙d
aN3d
)
. (9)
We introdue the onformal time τ and the sale of masses φ by the
formulae
τ(t) =
∫ t
0
Nd(t
′)
a(t′)
dt′, (10)
φ(τ) =
√
3
8pi
MP la(τ), (11)
where MP l = 1√G is the Plank mass in the natural units. In the onformal
time (10) the spae-time metri looks like pseudo-eulidian interval
ds2 = a2(τ)
{
dτ 2 − (dx2 + dy2 + dz2)} . (12)
Redued by partial integration, the ation (1) expressed in the terms of
onformal time (10) and the sale of masses (11) beomes
A[φ] =
∫
dτ
{
−V dφ
dτ
dφ
dτ
−
(
8pi
3M2P l
)2
φ4HF ields(τ)
}
, (13)
where V =
∫
R3
d3x is spatial volume and
HF ields(τ) =
∫
R3
d3xHF ields(x, τ) (14)
is the Hamiltonian of the Matter elds, where energy density HF ields is re-
eived by using of the Legendre transformation to Lagrangian of matter elds
LF ields. One derives the anonial onjugate momentum with respet to the
ation (13) as
Pφ =
δA[φ]
δ (dφ/dτ)
= −2V dφ
dτ
, (15)
and by appliation of the Hamiltonian redution to (13) one obtains
A[φ] = −
∫
dτ
{
Pφ
dφ
dτ
− H(τ)
}
, (16)
where
H(τ) =
1
4V 2
{
P 2φ −
(
16piV
3M2P l
)2
φ4HF ields(τ)
}
≡ 0 (17)
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is the shell-energy-onstraint of the osmologial model. The Hamiltonian
onstraint (17) denes values of the anonial momentum (15):
Pφ = ±Eφ, (18)
where we have introdued the quantity Eφ dened by the formula:
Eφ =
16piV
3M2P l
φ2
√
HF ields(τ). (19)
The equations (15) and (19) allow determine one-dimensional the following
evolution equation for the sale of mass φ(τ)
dφ(τ)
dτ
= ± 8pi
3M2P l
√
HF ields(τ)φ
2(τ), (20)
whih an be solve by straightforward using of elementary integration
± 8pi
3M2P l
∫ τ
τ0
√
HF ields(τ ′)dτ ′ =
1
φ(τ)
− 1
φ(τ0)
, (21)
with τ0 = τ(t0) as the initial value of the onformal time τ . One an introdue
into our onsiderations the redshift z
z(τ0; τ) = ±8piφ(τ0)
3M2P l
∫ τ
τ0
√
HF ields(τ ′)dτ ′, (22)
with using whih the reeived solution (21) takes more onventional form
φ(τ)
φ(τ0)
=
1
1 + z(τ0; τ)
, (23)
well known in literature as the Hubble law [2℄.
3 Quantization
The previous part of this paper was onentred on the some properties of the
osmologial model, whih will be base for disussion of its quantum aspets.
We have onsidered a desription of the lassial osmology in terms of two
parameters: the onformal time (10) and the sale of mass (11). In this se-
tion we are going to develop a quantum theory orresponding to this model.
To be more preise, we onstrut some "nonstandard" quantization proe-
dure being a nontrivial ombination of famous elementary methods. First we
use the Dira quantization of onstrained Hamiltonian systems, the next step
is building the the appropriate Fok spae and arrying out a seondary quan-
tization in speial form. Finally we formulate the Diagonalization Ansatz as
the ombination of the Bogoliubov transformation and the Heisenberg equa-
tions of motion.
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3.1 First Quantization in the Dira Approah
The rst step for building a quantum theory, is the rst quantization of
energy onstraints proposed by Dira [4℄ (Cf. also Ref. [5℄ where the method
is worked out). The on-shell energy onstraints of the lassial theory whih
we have dedued in the previous setion are
P 2φ − E2φ = 0, (24)
where Eφ is given by (19) and Pφ is a anonial onjugate momentum of
the lassial osmologial model. Aording to the Dira approah, a rst
quantization of a lassial theory is nothing else than quantization of the
onstraints (24) by anonial ommutation relation (CCR)
i [Pφ, φ] = 1, (25)
and pure philosophial assuming about existene of a wave funtion of a
quantum theory Ψ(φ). This stage give us the wave equation assoiated to
the quantum osmology: (
∂2
∂φ2
+ E2φ
)
Ψ(φ) = 0, (26)
whih is here equivalent of well known the WheelerDeWitt equation [6℄,
[7℄. Note that the one-dimensional (φ is the dimension) evolution (26) looks
like formally as the Klein-Gordon equation of massive salar eld, with time
dependent mass, in 0-dimensional spae. This quantum osmology has a
global harater manifestly.
3.2 Fok Spae and Seond Quantization
The next step of the quantization program is onstrution of the Fok spae
with orretly dened vauum state and the seond quantization for the
quantum theory (26). Naturally, by this step one obtains the desription of
the quantum osmology in fundamental formalism of quantum eld theory
(Cf. e.g. Refs. [8, 9, 10℄).
Let us onsider the ation funtional A[Ψ] whih should be use to obtain-
ing of the equation (26) as the EulerLagrange equation of motion, aording
to the ation priniple δA[Ψ] = 0. By using of the naive analogy with the
KleinGordon equation for a salar massive partile, one observes that the
ation must have the following simple form
A[Ψ] =
∫
dφ
{
1
2
∂φΨ∂φΨ− 1
2
E2φΨ
2
}
, (27)
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for whih the anonial onjugate momentum an be derived straightfor-
wardly as
ΠΨ =
δA[Ψ]
δ (∂φΨ)
= ∂φΨ. (28)
After the Hamiltonian redution the proposed ation (27) takes the form
A[Ψ] =
∫
dφ
{
ΠΨ∂φΨ−
Π2Ψ + E
2
φΨ
2
2
}
. (29)
In this manner we see that the Hamiltonian orresponding to the ation is
established analogially to a simple harmoni osillator's one
H(ΠΨ,Ψ) =
1
2
(
Π2Ψ + E
2
φΨ
2
)
. (30)
We have seen that the wave equation of the quantum theory is in fat
the Klein-Gordon evolution with hangeable mass, whih is loally (for xed
time) onstant. By this there is natural way for onluding that the Fok
spae of system should be boson type. Let us build the Fok spae of the
annihilation and reation operators U and U†, whih by the osmologial
harater of the quantum theory we will all name the Universe annihilator
and the Universe reator, respetively. The bosoni type CCRs are (Cf. e.g.
Ref. [10℄) [
U,U†
]
= 1, [U,U] = 0,
[
U†,U†
]
= 0. (31)
In this basis the anonial variables - the eld Ψ and its onjugate momentum
ΠΨ - have the following Fok-like deomposition
Ψ =
1√
Eφ
U† + U√
2
, (32)
ΠΨ = i
√
Eφ
U† − U√
2
, (33)
i [ΠΨ,Ψ] = 1. (34)
However, these distributions are not standard Fokian ones - the normal-
ization oeients depend on the evolutionary dimension φ. It must be
emphasized that we introdued these oeients in naive analogy with a
harmoni osillator ase, and that the Fok-like bosoni operators U and U†
reate the Hilbert spae. Beause, this spae is very speial as well as is
unknown evidently in literature, we propose to all name this spae as the
appropriate or appropriate Fok spae. The similar situation is present in
7
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usual partile physis studies [11℄. In the appropriate Fok spae of the Uni-
verse annihilators of reators (31) the redued theory ation (29) takes the
form:
A(U,U†) =
∫
dφ
{
i
U†∂φU− U∂φU†
2
+ i
UU− U†U†
2
∂φEφ
2Eφ
− H
}
, (35)
where
H =
(
U†U+
1
2
)
Eφ (36)
is the Hamiltonian operator of the system. (36) is also in analogy with
a harmoni osillator ase, but in (35) the additional term following from
nononstant harater of the mass Eφ is present. A variational priniple
applied to the Universe ation (35) leads to the EulerLangrange equations
of motion for the Universe annihilator U and the Universe reator U† as
follows
i∂φ
[
U
U†
]
=
[
Eφ i
∂φEφ
2Eφ
i
∂φEφ
2Eφ
−Eφ
] [
U
U†
]
. (37)
The evolutionary equations (37) an be understand as the manifestly inhomo-
geneous Heisenberg equations of motion [10℄ desribing the one-dimensional
global φ-evolution of the reator U† and the annihilator U on the appropriate
Fok spae. The RHS of these equations is not equal to zero identially as
in the ase of the usual Heisenberg equations of motion (See e.g. Ref. [9℄).
The nondiagonal terms results as an eet of the evolutionary harater the
mass Eφ. In ase of simple harmoni osillator, when the mass is onstant,
the RHS vanishes automatially and φ-evolution is the Heisenberg type.
3.3 Diagonalization Ansatz
We see that both the integrand of (35), that is in fat the Lagrangian of the
seondary quantized quantum osmology, and the equations of motion (37)
are non-anonial type. On the other words the φ-evolution of the Universe
annihilator U and the Universe reator U† is not Heisenberg type manifestly.
Now we would like to obtain the Heisenberg φ-evolution; it is neessary on-
dition for formulation of orretly dened quantum eld theory assoiated to
the quantum osmology. In order to ahieve one's goal we introdue ad ho
the following ansatz
Diagonalization Ansatz Let us take into onsiderations the following as-
sumptions
8
L. A. Glinka / New Approah to Quantization of Cosmologial Models
1. The operators U† and U on the appropriate Fok spae for whih the
Lagrangian of the system is manifestly nondiagonal and the global φ-
evolution is desribed by inhomogeneous Heisenberg equations of mo-
tion, ome into existene from the operators U
†
and U due to the Bo-
goliubov transformation[
U†
U
]
=
[
A(φ) B∗(φ)
B(φ) A∗(φ)
] [
U
†
U
]
, (38)
where the transformation matrix fullls the rotation ondition
det
[
A(φ) B∗(φ)
B(φ) A∗(φ)
]
= 1. (39)
2. The φ-evolution of the operators U† and U is desribed by the Heisenberg
equations of motion:
i∂φ
[
U
U
†
]
=
[
E˜φ 0
0 −E˜φ
] [
U
U
†
]
, (40)
with E˜φ as the diagonalization parameter. In general E˜φ is only imme-
diate quantity and has non physial sense.
3. Canonially, in the operator basis (U†, U) the Lagrangian of the system
has diagonal form
L(U†, U) ≡ H(U†, U) = EUU†U, (41)
where EU is the physial energy of the system.
4. The operator N = U†U has natural interpretation of the denisty of exi-
tations number operator. N is an integral of motion
∂φN = 0, (42)
and by this exist the stable vauum state |0〉 of the system
U|0〉 = 0, 〈0|U† = 0 (43)
From the Diagonalization Ansatz the following equations of motion for
the oeients A and B in the Bogoliubov transformation arise (38)
∂φ
[
A(φ)
B(φ)
]
=
[
iEφ
∂φEφ
2Eφ
∂φEφ
2Eφ
iEφ
] [
A(φ)
B(φ)
]
, (44)
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whih with the initial values A(φ(τ0)) = 1 and B(φ(τ0)) = 0 an be integrated
expliitly as
A(x) =
1
2x
eiλ(x
3−1)
[
−x2 − 1 + 2iλx
3 − 1
ln x
(x2 − 1)
]
, (45)
B(x) =
1
2x
eiλ(x
3−1)(x2 − 1), (46)
where x = φ(τ)
φ(τ0)
is dimensionless parameter of evolution and
λ =
16piV
9M2P l
√
HF ields(τ)φ
3(τ0). (47)
The diagonalization parameter E˜φ has a form
E˜φ = − λ
φ(τ0)
[
3x4 − 4x2 + x
3 − 1
x3 ln x
(x2 − 1)2 + 3
]
− ix
4 − 1
2x3
, (48)
while the physial energy is
EU = − 3λ
2φ(τ0)
(x4 + 1). (49)
4 The Temperature
Now we will give a thermodynamial interpretation of the above results and,
in partiular, nd a temperature assoiated with the quantum system under
onsideration. From standard thermodynamis (Cf. e.g. [12, 13℄) one knows
that the temperature of system T an be derived elementary, when one has
omputed entropy S and energy E of any physial system
T−1 =
(
∂S
∂E
)
V
. (50)
Aording to the von Neumann approah, the entropy of system is a vauum
expetation value as follows
S = kB〈N lnN〉, (51)
where N = U†U is the density of Universes number operator and kB is the
Boltzmann onstant. The energy of system an be established as
E = 〈NH〉. (52)
10
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From (50), (51), (52) it is lear that(
∂S
∂E
)
V
= kB
∂〈N lnN〉
∂〈NH〉 = kB
∂φ〈N lnN〉
∂φ〈NH〉
= kB
〈∂φN lnN+ ∂φN〉
〈∂φNH+N∂φH〉 , (53)
and now if one omputes the vauum expetation values in (53) the formula
an be reeived(
∂S
∂E
)
V
=
2kB
Eφ
1 + 〈lnN〉
1 + 4〈N〉+ [2〈N2〉+ 〈N〉] 1
Eφ
∂φEφ
∂φ〈N〉
. (54)
Some elementary algebrai manipulations lead to the nal result
T =
3λ
8kBφ(τ0)
[
x5 − x3 + 15x2 − 6 + 3
x3
− 15x
2
x3 + 4
− 63
4x3(x3 + 4)
]
. (55)
5 Summary
In this paper we have onsidered the homogenous osmologial model and
proposed quantization proedure for this model - the ombination of four well
known rules of quantum mehanis and quantum eld theory. As a result
we have obtained the quantum osmology desribed in the appropriate Fok
spae, that after using the proposed Diagonalization Ansatz leads to orretly
dened quantum eld theory. Of ourse, this is the only an example of this
type quantum system, beause of the homogenous osmologial metri is an
example of model of the generi Universe spae-time. We stated the quantum
model under onsideration is desribed in thermodynamial terms and found
the orresponding temperature. We saw that the temperature of the system
(55) is expliit funtion of the x (or redshift z).
In our opinion the further onsiderations in quantum osmology an be
studied in the proposed ontext. In the analogy to the results presented in
this paper, it is very probable that proper development of the method will
lead us to the rational model of quantum gravity, whih will onsistent with
experimental data.
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